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Given a first order dynamical system possessing a commutative algebra of dynamical sym¬ 
metries, we show that, under certain conditions, there exists a Poisson structure on an open 
neighbourhood of its regular (not necessarily compact) invariant manifold which makes this 
dynamical system into a partially integrable Hamiltonian system. This Poisson structure is 
by no means unique. Bi-Hamiltonian partially integrable systems are described in some de¬ 
tail. As an outcome, we state the conditions of quasi-periodic stability (the KAM theorem) 
for partially integrable Hamiltonian systems. 

I. INTRODUCTION 

Given a smooth real manifold Z, let we have k mutually commutative vector helds {'^a} 
which are independent almost everywhere on Z, i.e., the set of points where the multivector 

k 

held Adx vanishes is nowhere dense. We denote by 5 C C°^[Z) the R-subring of smooth 
real functions f on Z whose derivations Hxldf vanish for all fl\. Let A be the fc-dimensional 
5-Lie algebra generated by the vector helds {"dA}. One can think of one of its elements 
as being a hrst order dynamic equation on Z and of the other as being the dynamical 
symmetries. Accordingly, elements of S are regarded as integrals of motion. For the sake 
of brevity, we agree to call A a dynamical algebra. 

Completely and partially integrable systems on symplectic manifolds^ and broadly in¬ 
tegrable dynamical systems of Bogoyavlenkij^’^ exemplify hnite-dimensional commutative 
dynamical algebras. Recall that, given a symplectic manifold {Z,Q), we have a partially 
integrable system (henceforth PIS) if there exist 1 < A; < dimZ/2 smooth real functions 
{Hx} in involution which are independent almost everywhere on Z, i.e., the set of points 

k 

where the fc-form A dHx vanishes is nowhere dense. The Hamiltonian vector helds dx of 
functions Hx mutually commute and are independent almost everywhere. They make up 
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a commutative dynamical algebra over the Poisson subalgebra S of elements of C^{Z) 
commuting with all the functions Hx. 

An important peculiarity of a hnite-dimensional commutative dynamical algebra A is 
that its regular invariant manifolds are toroidal cylinders x T”^. At the same time, 

no preferable Poisson structure is associated to a commutative Lie algebra A because its 
Lie-Poisson structure is zero. Therefore, we are free with analyzing different Poisson struc¬ 
tures which make A into a Hamiltonian system. However, this analysis essentially differs 
from that of noncommutative integrable systems (see Ref. [4] for a survey). One has in¬ 
vestigated different symplectic structures around invariant tori of commutative integrable 
systems.For instance, the classical Liouville-Arnold theorem^’^ and the Nekhoroshev 
theorem®’® state that, under certain conditions, every symplectic structure making a com¬ 
mutative dynamical algebra into a Hamiltonian system takes a canonical form around a 
compact invariant manifold. 

Our goal is to describe all Poisson structures bringing a commutative dynamical algebra 
into a PIS near its regular invariant manifold, which need not be compact. 

Definition 1: A /c-dimensional commutative dynamical algebra on a regular Poisson mani¬ 
fold {Z, w) is said to be a PIS if; (a) A is generated by Hamiltonian vector helds of k almost 
everywhere independent integrals of motion Hx G C°^{Z) in involution; (b) all elements of 
S C C°°{Z) are mutually in involution. 

It follows at once from this dehnition that the Poisson structure w is at least of rank 2k 
and 5 is a commutative Poisson algebra. If 2k = dimZ, we have a completely integrable 
system on a symplectic manifold. 

Theorem 1 below states that: 

(i) under certain conditions, an open neighbourhood U of a regular invariant manifold 
M of the dynamical system ^ is a trivial principal bundle 

U = Nx (R^-™ xT"^)DAN (1) 

over a domain N C MdimZ-fc structure group R^”"™ x T™; 

(ii) the toroidal domain (1) is provided with a Poisson structure w such that {w,A) is 
a PIS in accordance with Dehnition 1. 

Note that a trivial hbration in invariant manifolds is a standard property of integrable 
systems. However, there exists a well-known obstruction to its global extension in 

the case of compact invariant manifolds,^® and there is an additional obstruction similar to 
that in Ref. [3] if invariant manifolds are noncompact. 

A Poisson structure in Theorem 1 is by no means unique. Let the toroidal domain 
(1) be provided with bundle coordinates where (r^) are coordinates on N and 

(y^) = standard coordinates on the toroidal cylinder R^"™' x T™. It is readily 

observed that, if a Poisson bivector held on the toroidal domain U satishes Dehnition 1, it 
takes the form 


w = wi + W 2 = w^^{r^)dA f\dx + A d,y. 


( 2 ) 
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The converse also holds (see Theorem 2 below). For any Poisson bivector held w (2) of rank 
2k on U, there exists a toroidal domain U' <ZU such that (tc, A) is a PIS on U'. Moreover, 
Theorem 3 in Section III states that there is a toroidal domain U' such that, restricted to 
U', this Poisson bivector held takes the canonical form (16). 

Now, let w and w' be two diherent Poisson structures (2) which make a commutative 
dynamical algebra A into the diherent PISs {w,A) and {w',A). 

Definition 2: We agree to call the triple {w, w', A) a bi-Hamiltonian PIS if any Hamiltonian 
vector held -d G M with respect to w possesses the same Hamilton representation 

'd = -w [df = -w' [d/, / e 5, (3) 

relative to w', and vice versa. 

Dehnition 2 establishes a sui generis equivalence between the PISs {vv,A) and (tc',M). 
Theorem 4 below states that the triple (tc, tc'. A) is a bi-Hamiltonian PIS in accordance 
with Dehnition 2 ih the Poisson bivector helds w and w' (2) diher only in the second terms 
W 2 and ^ 2 - Moreover, these Poisson bivector helds admit a recursion operator. 

Let now M be a commutative dynamical algebra associated to a PIS on a symplectic 
manifold {Z, D). In this case, condition (b) in Dehnition 1 is not necessarily satished, unless 
it is a completely integrable system. Nevertheless, there exists a Poisson structure w of rank 
2k on the toroidal domain (1) such that, with respect to w, all integrals of motion Hx of 
the original PIS remain to be in involution, and they possess the same Hamiltonian vector 
helds -dx (see Theorem 6 below). Therefore, one can think of the triple (D, tc, {idA}) as 
being a special bi-Hamiltonian system, though it fails to satisfy Dehnition 2. Conversely, if 
Z is even-dimensional, any Poisson bivector held w (2) setting a PIS {w,A) is extended to 
an appropriate symplectic structure D such that (D, A) is a PIS on the symplectic manifold 
(Z,D). 

There are several reasons in order to make a commutative dynamical algebra A into 
a Hamiltonian one. For instance, one can quantize A around its invariant manifold by 
quantizing the Poisson algebra Of course, quantization of A with respect to diherent 

Poisson structures need not be equivalent. However, we focus on another result. In Section 
V, we show that, introducing an appropriate Poisson structure and using the methods in 
Ref. [10], one can extend the well-known KAM theorem to PISs. 

II. SEMILOCAL GEOMETRY AROUND AN INVARIANT MANIFOLD 

Given a /c-dimensional commutative dynamical algebra A on a smooth manifold Z, let 
V be the smooth involutive distribution on Z spanned by the vector helds {"dA}, and let 
G be the group of local diheomorphisms of Z generated by the hows of these vector helds 
(we follow the terminology of Ref. [15]). Maximal integral manifolds of V are the orbits of 
G, and are invariant manifolds of A.^^ Let z & Z he a regular point of the distribution V, 

k 

i.e., Ai^xlz) 7 ^ 0. Since the group G preserves Ai^x^ the maximal integral manifold M of V 
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through is also regular. Furthermore, there exists an open neighbourhood U oi M such 
that, restricted to U, the distribution V is regular and yields a foliation 5 of U. 

Theorem 1: Let us suppose that: (i) the vector helds {}\ on U are complete, (ii) the foliation 
^ of U admits a transversal manifold S and its holonomy pseudogroup on S is trivial, (hi) 
the leaves of this foliation are mutually diffeomorphic. Then the following hold. 

(I) There exists an open neighbourhood of M, say U again, which is the trivial principal 

bundle (1) over a domain N C MdimZ-fc structure group x T™. 

(II) If 2k < dimZ, there exists a Poisson structure w of rank 2k on U such that {w,A) 
is a PIS in accordance with Dehnition 1. 

Let us note the following. Condition (i) states that G is a group of diffeomorphisms of 
U. Condition (ii) is equivalent to the assumption that U ^ U/G is a fibered manifold.^® 
Each fiber M^, r E N, of this fibered manifold admits a free transitive action of the group 
Gr = G/Kr, where Kr is the isotropy group of an arbitrary point of M^. In accordance 
with condition (iii), all the groups Gr, r E N, are isomorphic to the toroidal cylinder group 

-m ^ rpm some 0 < m < k. The goal is to define these isomorphisms so that they 
provide a smooth action of x T”^ in U. We follow the proof in Refs. [7,17] generalized 
to noncompact invariant manifolds. We establish a particular trivialization (1) such that 
the generators of the algebra A take the specihc form (8). Part (II) of Theorem 1 is 
based on this trivialization 

Proof: (I). By virtue of the condition (ii), the foliation of 7/ is a hbered manifold 

7r:U ^N, (4) 

admitting a section a such that and S = (T(iV).^® Since the vector helds 'dx on U are 
complete and mutually commutative, the group G of their hows is an additive Lie group of 
diheomorphism of U. Its group space is a vector space coordinated by parameters (s^) 
of the hows with respect to the basis {e^ = f^x}- Since vector helds f}x are independent 
everywhere on U, the action of in U is locally free, i.e., isotropy groups of points of U 
are discrete subgroups of the group R^. Its orbits are hbers of the hbered manifold (4). 
Given a point r E N, the action of R^ in the hber Mr = 7r“^(r) factorizes as 

R’" X Mr ^ Gr X Mr ^ Mr ( 5 ) 

through the free transitive action in Mr of the factor group Gr = R^/Kr, where Kr is 
the isotropy group of an arbitrary point of Mr- It is the same group for all points of Mr 
because R^ is a commutative group. Since the hbers Mr are mutually diheomorphic, all 
isotropy groups Kr are isomorphic to the group TA for some hxed 0 < m < k. Accordingly, 
the groups Gr are isomorphic to the additive group R^“™ x T™. Let us bring the hbered 
manifold U ^ N [4) into a principal bundle with the structure group Gq, where we denote 
{0} = 7r(M). For this purpose, let us determine isomorphisms pr '■ Gq ^ Gr of the group 
Go to the groups Gr, r E N. Then, a desired hberwise action of Gq in U is dehned by the 
law 

Gq X Mr — Pr{Go) ^ Mr —^ Mr- (6) 
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Generators of each isotropy subgroup of are given by m linearly independent vectors 
of the group space One can show that there exist ordered collections of generators 
{vi{r),... ,Vm{r)) of the groups such that r i—> Vi{r) are smooth R^-valued helds on 
N. Indeed, given a vector Vi(0) and a section a of the hbered manifold (4), each held 
Vi{r) = (<s"(r)) is the unique smooth solution of the equation 

g{s^)a{r) = a(r), (s“(0)) = ni(0), 


on an open neighbourhood of {0}. Let us consider the decomposition 


r;,(0) = 5“(0)e, + G/(0)e„ 


a = 1,..., A; — m, j = 1,..., m, 


where Cf{0) is a nondegenerate matrix. Since the helds Vi{r) are smooth, there exists an 
open neighbourhood of {0}, say N again, where the matrices Cf{r) are nondegenerate. 
Then, 

'Id (5(r)-5(0))C'-i(0)\ 

0 C{r)C-\0) J 


— 


( 7 ) 


is a unique linear morphism of the vector space which transforms the frame nA(0) = 
{ea,Uj(0)} into the frame v\(r) = {ea,Vi(r)}. Since it is also an automorphism of the 
group sending Kq onto Kr, we obtain a desired isomorphism pr of the group Go to 
the group Gr- Let an element g of the group Go be the coset of an element g{s^) of the 
group R^. Then, it acts in Mr by the rule (6) just as the element g{{A~^)^s^) of the 
group R^ does. Since entries of the matrix A (7) are smooth functions on iV, this action 
of the group Go in U is smooth. It is free, and U/Gq = N. Then, the hbered manifold 
U — TV is a trivial principal bundle with the structure group Gq. Given a section a of the 
principal bundle U ^ N, its trivialization U = N x Gq is dehned by assigning the points 
p~^{gr) of the group space Go to the points prcrir), gr E Gr, of a hber Mr- Let us endow 
Go with the standard coordinate atlas {y^) = (t“, </?*) of the group R^”™ x T™. Then, we 
provide U with the trivialization (1) with respect to the coordinates G, where {r^), 
A = 1,, dim Z — k, are coordinates on the base N. The vector helds 'dx on U relative to 
these coordinates read 


= da, = -iBG-^)nr)da + (G-i),"(r)4. (8) 

Accordingly, the subring S restricted to U is the pull-back 7r*G°°{N) onto U of the ring of 
smooth functions on N. 

(II). Let us split the coordinates {r^) into some k coordinates (Ja) and dimZ — 2k 
coordinates Then, we can provide the toroidal domain U (1) with the Poisson bivector 
held 

w = A dx (9) 

of rank 2k. The independent complete vector helds da and di are Hamiltonian vector helds 
of the functions Ha = la and Hi = li on U which are in involution with respect to the 
Poisson bracket 

{/,/'} = sysA/'-SA/sy' (10) 
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defined by the bivector field (9). By virtue of the expression (8), the Hamiltonian vector 
helds {(9 a} generate the iS-algebra A. 


III. POISSON STRUCTURES AROUND AN INVARIANT MANIFOLD 

Theorem 2: For any Poisson bivector held w (2) of rank 2/c on U, there exists a toroidal 
domain U' <ZU such that {w,A) is a PIS on U'. 

It is readily observed that any Poisson bivector held w (2) fulhlls condition (b) in 
Dehnition 1, but condition (a) imposes a restriction on the toroidal domain U. The key 
point is that the characteristic foliation JF of U yielded by the Poisson bivector helds w (2) 
is the pull-back of a /c-dimensional foliation 9bv of the base N, which is dehned by the hrst 
summand Wi (2) of w. With respect to the adapted coordinates ( Ja, z^), A = 1,... , /c, on 
the foliated manifold (A, ^bv), the Poisson bivector held w reads 

w = w^{Jx, z^)d'' + z^, y^)d^ A d^. (11) 

Then, condition (a) in Dehnition 1 is satished if A' C A is a domain of a coordinate chart 
( Ja, z ^) of the foliation Jbv- In this case, the dynamical algebra A on the toroidal domain 
U' = is generated by the Hamiltonian vector helds 

^A = -w[dJx = (12) 

of the k independent functions Hx = Ja- 

Proof: The characteristic distribution of the Poisson bivector held w (2) is spanned by the 
Hamiltonian vector helds 

=-w[dr^ = (13) 

and the vector helds 


w [dy^ = 

Since w is of rank 2k, the vector helds can be expressed into the vector helds (13). 
Hence, the characteristic distribution of w is spanned by the Hamiltonian vector helds 
(13) and the vector helds 

yA ^ (';L4) 

The vector helds (14) are projected onto A. Moreover, one can derive from the relation 
[w, tc] = 0 that they generate a Lie algebra and, consequently, span an involutive distri¬ 
bution Vtv of rank k on A. Let Jbv denote the corresponding foliation of A. We consider 
the pull-back JF = 7r*Jbv of this foliation onto U by the trivial hbration ttJ® Its leaves are 
the inverse images of leaves Fn of the foliation Jbv, and so is its characteristic 

distribution TjF = (T7r)“^(V7v)- This distribution is spanned by the vector helds (14) 
on U and the vertical vector helds onU ^ N, namely, the vector helds (13) generating 
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the algebra A. Hence, TjF is the characteristic distribution of the Poisson bivector held w. 
Furthermore, since U —> is a trivial bundle, each leaf 7r“^(FAr) of the pull-back foliation 
T is the manifold product of a leaf Fat of N and the toroidal cylinder m x T™. It follows 
that the foliated manifold {U, JF) can be provided with an adapted coordinate atlas 

A = l,...,/c, H = 1,... ,dimZ - 2A;, (15) 

such that ( Ja, z^) are adapted coordinates on the foliated manifold (iV, Fat), i.e., transition 
functions of coordinates are independent of J\, while transition functions of coordinates 
[y^) = (f“, (p^) on the toroidal cylinder x T”^ are independent of coordinates Jx and 

With respect to these coordinates, the Poisson bivector held (2) takes the form (11). 
Let N' be the domain of a coordinate chart (15). Then, the dynamical algebra A on the 
toroidal domain U' = is generated by the Hamiltonian vector helds (12) of 

functions H\ = J\. 

Note that the coefficients in the expressions (2) and (11) are affine in coordinates 
y^ because of the relation [tc,^] = 0 and, consequently, are constant on tori. Furthermore, 
one can improve the expression (11) as follows. 

Theorem 3: Given a PIS {w,A) on a Poisson manifold {w,U), there exists a toroidal 
domain U' C U equipped with partial action-angle coordinates (/«,/*, 2 :"^, a;“, 0*) such that, 
restricted to U', a Poisson bivector held takes the canonical form 

tc = A (9a -I- (9* A (9i, (16) 

while the dynamical algebra A is generated by Hamiltonian vector helds of the action 
coordinate functions Ha = /a, Hi = li. 

Theorem 3 extends the Liouville-Arnold theorem to the case of a Poisson structure and 
a noncompact invariant manifold. To prove it (see Appendix A), we reformulate the proof 
of the Liouville-Arnold theorem for noncompact invariant manifolds in Refs. [11,12] in 
terms of a leafwise symplectic structure. 

Given a dynamic equation G Fl, it may happen that no Poisson bivector held (2) 
makes ^ into a Hamilton equation. If is a nowhere vanishing complete vector held whose 
trajectories are not located in tori, one can choose ^ as one of the generators, e.g., ^ 
in Theorem 1 so that U can be provided with a trivialization such that .^ = 'di = (9i in the 
expression (8). Then, the Poisson structure (9) brings ^ into a Hamilton equation. This 
improves the well-known result of Hojman^® that, under certain conditions, a hrst order 
dynamic equation can be brought into a Hamilton one with respect to a Poisson structure 
of rank 2. Moreover, any dynamic equation ^ on U gives rise to an equivalent Hamilton 
equation (9* -f of time-dependent mechanics on R^ x 

IV. BI-HAMILTONIAN STRUCTURES 

Now, let w and w' be two diherent Poisson structures (2) on the toroidal domain (1) 
which make a commutative dynamical algebra A into two diherent PISs {w, A) and {w', A). 
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Theorem 4- (I) The triple {w,w',A) is a bi-Hamiltonian system PIS in accordance with 
Dehnition 2 iff the Poisson bivector helds w and w' (2) differ only in the second terms W 2 
and W 2 - (II) These Poisson bivector helds admit a recursion operator. 

Proof: (I). It is easily justihed that, if Poisson bivector helds w (2) fulhl Dehnition 2, they 
are distinguished only by the second summand W 2 - Conversely, as follows from the proof 
of Theorem 2, the characteristic distribution of a Poisson bivector held w (2) is spanned 
by the vector helds (13) and (14). Hence, all Poisson bivector helds w (2) distinguished 
only by the second summand W 2 have the same characteristic distribution, and they bring 
A into a PIS on the same toroidal domain U'. Then, the condition in Dehnition 2 is easily 
justihed. 

(H). The result follows from forthcoming Lemma 5. 

Given a smooth real manifold X, let tc and w' be Poisson bivector helds of rank 2k on 
X, and let 

wt . T*X TX, w'^ : T*X TX (17) 

be the corresponding bundle homomorphisms. A tangent-valued one-form R on X yields 
bundle endomorphisms 


R:TX ^ TX, R* : T*X T*X. (18) 

It is called a recursion operator if 

= R o o R*. (19) 

Given a Poisson bivector held w and a tangent valued one-form R such that Row'^ = w^oR*, 
the well-known sufficient condition for i? o tyt* to be a Poisson bivector held is that the 
Nijenhuis torsion of R and the Magri-Morosi concomitant of R and w vanish. However, 
as we will see later, recursion operators between Poisson bivector helds in Theorem 4 need 
not satisfy these conditions. 

Lemma 5: A recursion operator between Poisson structures of the same rank exists ih their 
characteristic distributions coincide. 

Proof: It follows from the equalities (19) that a recursion operator R sends the characteristic 
distribution of w to that of w', and these distributions coincide if w and w' are of the same 
rank. Gonversely, let regular Poisson structures w and w' possess the same characteristic 
distribution TR ^ TX tangent to a foliation R oi X. Let TR* —X be the dual of 
TR ^ X, and let 

0 ^ TX ^ TX —^ TX/TR 0, 

0 ^ AnnTX— >T*X ^TR* 0, 


( 20 ) 

( 21 ) 



be the corresponding exact sequences. The bundle homomorphisms and tc'** (17) factorize 
in a unique fashion 

•* u 

w* : T*X ^ TX* TX, 

w>i . ^TX* ^TX^TX 

through the bundle isomorphisms 

wlr : TX* TX, w'^ : TX* TX. 

Let us consider the inverse isomorphisms 

w’^p-.TX ^ TX*, w'^-.TX ^ TX* (22) 

and the compositions 

= w'l o : TX ^ TX, o wj : TX* TX*. (23) 

There is the obvious relation 

w'jr = Rr O w'jr = w'jr O 

In order to obtain a recursion operator (19), it suffices to extend the morphisms Rjr and 
R*jr (23) onto TX and T*X, respectively. For this purpose, let us consider a splitting 

c : TX ^ TX, TX = TX® (Id - o QTX = TX®E, 

of the exact sequence (20) and the dual splitting 

C* : TX* T*X, T*X = C{TX*) © (Id - C* o i*jr)T*X = C{TX*) © E' 

of the exact sequence (21). Then, the desired extensions are 

R:=RrX Id E, R* := (C* o i?^) x Id E'. 

This recursion operator is invertible, i.e., the morphisms (18) are bundle isomorphisms. 
For instance, the Poisson bivector held w (2) and the Poisson bivector held 

Wq = w'^^{r)dA A dx (24) 

admit a recursion operator Wq = Ro whose entries are given by the equalities 

Ri = Si, TO = Si, Ri = 0, = Riw^® (25) 

Its Nijenhuis torsion fails to vanish, unless coefficients are independent of coordinates 
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Turn now to the case of a commutative dynamical algebra A defined by a PIS on a 
symplectic manifold The following generalization of the Nekhoroshev theorem to 

noncompact invariant manifolds addresses such a system. 

Theorem 6: Let (hi, {ipA}, be a /c-dimensional PIS on a 2n-dimensional symplectic 
manifold (Z, hi). Let the distribution V, its regular integral manifold M, an open neigh¬ 
bourhood U of M, and the foliation ^ of U he as those in Theorem 1. Under conditions (i) 
- (iii) of Theorem 1, the following hold. 

(I) There exists an open neighbourhood of M, say U again, which is the trivial bundle 

(1) in toroidal cylinders x over a domain N C 

(II) It is provided with the partial action-angle coordinates {Ix,z^,y^) such that the 
functions Hx depend only on the action coordinates Ix and the symplectic form Q on U 
reads 

= dix A dy^ + z^)dz'^ A dz^ + z^)dlx A dz^. (26) 

(III) There exists a Darboux coordinate chart Q x x C U, foliated in toroidal 

cylinders x T™ and provided with coordinates {Ix,Ps, such that the symplectic 

form n (26) on this chart takes the canonical form 

n = dIx A dy^ + dps A dq^. (27) 


This theorem is proved in Appendix B. Part (I) repeats exactly that of Theorem 1, while 
the proof of part (II) follows that of Theorem 3. The proof of part (III) is a generalization 
of that of Proposition 1 in Ref. [21] to noncompact invariant manifolds. As follows from the 
expression (27), the PIS in Theorem 6 can be extended to a completely integrable system 
on some open neighbourhood of M, but Hamiltonian vector held of its additional local 
integrals of motion fail to be complete. 

A glance at the symplectic form H (26) shows that there exists a Poisson structure w of 
rank 2k, e.g., w = A dx on U such that, with respect to w, the integrals of motion Hx of 
the original PIS remain to be in involution, and they possess the same Hamiltonian vector 
helds -dx- Hence, {Q,w, {Hx}) is the above mentioned bi-Hamiltonian system. Conversely, 
if Z is even-dimensional, any Poisson bivector held w (11) is extended to an appropriate 
symplectic structure as follows. 

Proposition 1: The Poisson bivector held w (11) on a toroidal domain U' in Theorem 2 is 
extended to a symplectic structure on U' such that integrals of motion Hx = Jx remain 
in involution and their Hamiltonian vector helds with respect to w and hi coincide. 

Proof:. The Poisson bivector held w (11) on the foliated manifold dehnes a leaf- 

wise symplectic form Qjr (40). Restricted to the toroidal domain U' in Theorem 2 where 
coordinates Jx have trivial transition functions, the exact sequence (39) admits the splitting 
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such that (* o fljr is a presymplectic form on U'. Let Qz = ^AB{z^)dz^ A dz^ be also a 
presymplectic form on U' . It always exist. Then, hi = (■* o VLjr + VLz is a desired symplectic 
form on U'. 


V. KAM THEOREM FOR PARTIALLY INTEGRABLE SYSTEMS 

Let {'Hi}, i = 1,..., /c, be a partially integrable system on a 2n-dimensional symplectic 
manifold {Z,Q). Let M be its regular connected compact invariant manifold which ad¬ 
mits an open neighbourhood satisfying Theorem 6. In this case, Theorem 6 comes to the 
above mentioned Nekhoroshev theorem. By virtue of this theorem, there exists an open 
neighbourhood of M which is a trivial composite bundle 

t^:U = VxWxT’‘^VxW^V (28) 

(cf. (50)) over domains W C and V C It is provided with the partial action- 

angle coordinates (J^, z^, 0*), i = 1,... ,k, A = 1,..., 2(n — k), such that the symplectic 
form Q on U reads 

kl = dli A dcf)^ + klABilj, z'^)dz^ A dz^ + z^)dli A dz"^ (29) 

(cf. (26)), while integrals of motion Hi depend only on the action coordinates Ij. 

Note that, in accordance with part (III) of Theorem 6, one can always restrict U to a 
Darboux coordinate chart provided with coordinates {Ii,Ps, 9?*) such that the symplectic 
form hi (29) takes the canonical form 

VL = dli A dif^ -|- dps A dq^. 

Then, the PIS {Hi} on this chart can be extended to a completely integrable system, e.g., 
{Hi,ps}, but its invariant manifolds fail to be compact. Therefore, this is not the case of 
the KAM theorem. 

Let H{Ij) be a Hamiltonian of a PIS on U (28). Its Hamiltonian vector held 

e = (30) 

with respect to the symplectic form hi (29) yields the Hamilton equation 

ii = 0, = 0, 0* = d^H{Ij) (31) 

on U. Let us consider perturbations 

H' = H + Hi{Ij,z^,(tA). (32) 

We assume the following, (i) The Hamiltonian H and its perturbations (32) are real ana¬ 
lytic, although generalizations to the case of inhnite and hnite order of differentiability are 
possible.(ii) The Hamiltonian H is nondegenerate, i.e., the frequency map 

u -.V xW 3 e 
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is of rank k. 

Note that uiV x W) C is open and bounded. As usual, given 7 > 0 , let 

k 

= {c^ e : \u^ai\ > 0} 

i=i 

denote the Cantor set of nonresonant frequences. The complement of nci;(C x W) in 
ui{y X W) is dense and open, but its relative Lebesgue measure tends to zero with 7. Let 
us denote T.^ = also called the Cantor set. 

A problem is that the Hamiltonian vector field of the perturbed Hamiltonian (32) with 
respect to the symplectic form H (29) leads to the Hamilton equation ^ 0 and, therefore, 
no torus (31) persists. 

To overcome this difficulty, let us provide the toroidal domain [/ (28) with the degenerate 
Poisson structure given by the Poisson bivector held 

w = d^ Adi (33) 

of rank 2k. It is readily observed that, relative to w, all integrals of motion of the original 
PIS (H, {Hi}) remain in involution and, moreover, they possess the same Hamiltonian vector 
helds dj. In particular, a Hamiltonian H with respect to the Poisson structure (33) leads to 
the same Hamilton equation (31). Thus, we can think of the pair [w, {Hi}) as being a PIS 
on the Poisson manifold {U, w). The key point is that, with respect to the Poisson bivector 
held w (33), the Hamiltonian vector held of the perturbed Hamiltonian H' (32) is 

= d^'di - d,n'd\ (34) 

and the corresponding hrst order dynamic equation on U reads 

A = -d,n'il„ z^, 0 ^), = 0 , 0 * = dm'ilj, z^, 0^). (35) 

This is a Hamilton equation with respect to the Poisson structure w (33), but is not so 
relative to the original symplectic form H. Since z^ = 0 and the toroidal domain U (28) is a 
trivial bundle over W, one can think of the dynamic equation (35) as being a perturbation of 
the dynamic equation (31) depending on parameters Furthermore, the Poisson manifold 
{U,w) is the product of symplectic manifold (V x T^,Q') with the symplectic form 

n' = (Hi A (36) 

and the Poisson manifold (IF, tc = 0) with the zero Poisson structure. Therefore, the 
equation (35) can be seen as a Hamilton equation on the symplectic manifold (F x T^, H') 
depending on parameters. Then, one can apply the conditions of quasi-periodic stability of 
symplectic Hamiltonian systems depending on parameters^'^ to the perturbation (35). 

In a more general setting, these conditions can be formulated as follows. Let (tc, {Hi}), 

f = 2,..., /c, be a PIS on a regular Poisson manifold {Z, w) of rank 2k. Let M be its 
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regular connected compact invariant manifold, and let U be its toroidal neighbourhood 
U (28) in Theorem 3 provided with the partial action-angle coordinates (Jj, 0*) such 
that the Poisson bivector w on U takes the canonical form (33). The following result is a 
reformulation of that in Ref. [10] (Section 5c), where P = W is a parameter space and a 
is the symplectic form (36) on R x T^. 

Theorem 8: Given a torus {0} x T^ let 

^ = C{Ij,z^)d, (37) 

(cf. (30)) be a real analytic Hamiltonian vector held whose frequency map 

uj-.V xW 3 (Jj, z^) ^ f (Jj, z^) e 

is of maximal rank at {0}. Then, there exists a neighbourhood Nq <zV xW oi {0} such 
that, for any real analytic Hamiltonian vector held 

(cf. (34)) sufficiently near ^ (37) in the real analytic topology, the following holds. Given 
the Gantor set T^ C iVo, there exists the .^-invariant Gantor set T C iVo x which is a 
C^-near-identity diheomorphic image of T^ x T^. 

Theorem 8 is an extension of the KAM theorem to PISs on Poisson manifolds {Z,w). 
Given a PIS (H, {Hi}) on a symplectic manifold {Z, H), Theorem 8 enables one to obtain its 
perturbations (34) possessing a large number of invariant tori, though these perturbations 
are not Hamiltonian. 

VI. APPENDIX A 

Proof of Theorem 3: First, let us employ Theorem 2 and restrict U to the toroidal 
domain, say U again, equipped with coordinates {Jx,z"^,y^) such that the Poisson bivector 
held w takes the form (11) and the algebra A is generated by the Hamiltonian vector helds 
3}x (12) of k independent functions Hx = Jx in involution. Let us choose these vector 
helds as new generators of the group G and return to Theorem 1. In accordance with 
this theorem, there exists a toroidal domain U' <Z U provided with another trivialization 
U' ^ N' <Z N in toroidal cylinders x T™' and endowed with bundle coordinates 

( Ja, z^, y'^) such that the vector helds -dx (12) take the form (8). For the sake of simplicity, 
let U', N' and y' be denoted U, N and y = (t“, A) again. Herewith, the Poisson bivector 
held w is given by the expression (11) with new coefficients. 

Let w'^ : T*U TU be the corresponding bundle homomorphism, and let TP* ^ U 
denote the dual of the characteristic distribution TP ^ U. We have the exact sequences 

0 ^TP^TU —^ TU/TP 0, 

0 ^ AnnTJ^— >T*U ^TP* 0. 
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(38) 

(39) 



The bundle homomorphism w'^ factorizes in a unique fashion 

: T*U ^TU 

through the bundle isomorphism 

Wjr ■. T!F* ^ T!F, Wjr : a h -> —w{x) \_a. 

Then, the inverse isomorphisms : T!F —> T!F* provides the foliated manifold 
with the leafwise symplectic form 

Z^, r)dJ^ A dJ^ + fi;;(J a, z^)dJ^ a dy>^, (40) 

SJ“U>^ = y, SI”'’ = -aia^vr, (4i) 

where {dJ^,dy^} is the dual of the basis {d^,d^} for the characteristic distribution TjF. 
Recall that leafwise (or tangential) exterior forms are dehned as sections of the exterior 
bundle ATjF* — U, while the leafwise exterior differential d acts on them by the law 

d^lJ = dJ\ A d^ip + dy^ A d\ip 

(see, e.g.. Ref. [23,24]). The leafwise symplectic form hljr is nondegenerate and d-closed, 
i.e., dVLjr = 0. Let us show that it is d-exact. 

Let F be a leaf of the foliation JF of U. There is a homomorphism of the de Rham 
cohomology H*{U) of U to the de Rham cohomology of H*{F) of F. One can show that 
this homomorphism factorizes through the leafwise cohomology^^ 

H*{U) H*{F). (42) 

Since iV is a domain of an adapted coordinate chart of the foliation Fn, the foliation Fn 
of TV is a trivial hber bundle N = V x W ^ W. Since F is the pull-back onto U of the 
foliation F^ of TV, it is also a trivial hber bundle 

U = V xW X X T™) ^ hh (43) 

over a domain W C it follows that 

H*{U) = H\T^) = H^iU). 

Then, the closed leafwise two-form Qjr (40) is exact due to the absence of the term fl^^dy^A 
dy^. Moreover, VLjr = dF where S reads 

S = S"( Ja, y^)dJa + Si( Ja, 2:^)dv9* 

up to a d-exact leafwise form. 
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The Hamiltonian vector fields '^a = '^xdfj. (8) obey the relation 


dAjH^ = -dJA, = (44) 

which falls into the following conditions 

(45) 

(46) 

The first of the relations (41) shows that VL'^ is a nondegenerate matrix independent of 
coordinates y^. Then, the condition (45) implies that are independent of and so 
are since 99 * are cyclic coordinates. Hence, 

fi." = (47) 

di\^r = —dSi. (48) 

Let us introduce new coordinates la = Ja, U = By virtue of the equalities (46) and 

(47), the Jacobian of this coordinate transformation is regular. The relation (48) shows 
that di are Hamiltonian vector fields of the functions Hi = li. Consequently, we can choose 
vector fields dx as generators of the algebra A. One obtains from the equality (46) that 
+ E°‘{Jx,z^) and S* are independent of H. Then, the leafwise Liouville form S 

reads 

S = i-E + E%Ix, z^))dla + E\Ix, Z^)dk + W- 


The coordinate shifts 

+ E-{Ix, z^), 0 * = - E^{Ix, Z^) 

bring the leafwise form VLjr (40) into the canonical form 

Vtjr = dia A dx^" + dli A d(f)^ 

which ensures the canonical form (16) of the Poisson bivector field w. 

VII. APPENDIX B 

Proof of Theorem 6: (I). See the proof of part (I) of Theorem 1. 

(H). One can specify the coordinates on the base N of the trivial bundle U ^ N a.s 
follows. Let us consider the morphism 

A = xHx:U (49) 
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of U onto a domain V C It is of constant rank and, consequently, is a fibered manifold. 
The fibration n' factorizes as 


tt' -.U^N^V 

through the hber bundle tt. The map n" = tt' o a is also a hbered manifold. One can always 
restrict the domain iV to a chart of the hbered manifold tt". Then, N 7 r"(iV) = O is a 
trivial bundle, and so is V. Thus, we have the composite hbration 

U = V xW X xT^)^V xW (50) 

Let us provide its base V with the coordinates (Ja) such that Jx{u) = H\{u), u E U. 
Then N can be equipped with the bundle coordinates {J\, z^), A = 1,..., 2(n — k), and 
( Ja, 2 :"^, 9 ?*) are coordinates on U (50). Since hbers ofU^N are isotropic, the symplectic 

form Q on U relative to the coordinates {Jx,z^,y^) reads 

O = kT^dJa A dJp + klpdJa A dy^ + VtAsdz^ A dz^ + kl\dJx A dz^ + QAydz^ A dy^. (51) 

The Hamiltonian vector helds 'dx = "dxdfi ( 8 ) obey the relations '^aJU = —dJx, which give 
the coordinate conditions 

= 0- (52) 

The hrst of them shows that is a nondegenerate matrix independent of coordinates y^. 
Then, the second one implies Qa /3 = 0. 

By virtue of the well-known Kiinneth formula for the de Rham cohomology of manifold 
products, the closed form hi (51) is exact, i.e., hi = dS where the Liouville form S is 

S = S"(Ja, z^, y^)dJa + Si(J a, z^)d(p" + Ea{J\, , y^)dz^. 

Since = 0 and Sj are independent of 99 *, it follows from the relations 

^A/3 = <9^2/3 — dyE^A = 0 

that Ea are independent of coordinates t°‘ and are at most affine in 99 *. Since </ 9 * are cyclic 
coordinates, Ea are independent of 99 ®. Hence, Sj are independent of coordinates and 
the Liouville form reads 

S = S"(Ja, z^, y^)dJa + Ei{Jx)dip^ + Ea{Jx, z^)dz^. (53) 

Because entries of dE = Q are independent of y^, we obtain the following. 

(i) = d^Ei — diE^. Consequently, diE^ are independent of ip\ and so are since ^ 9 * 

are cyclic coordinates. Hence, = d^Ei and (9jjr2 = —dSj. A glance at the last equality 
shows that di are Hamiltonian vector helds. It follows that, from the beginning, one can 
separate m integrals of motion, say Hi again, whose Hamiltonian vector helds are tangent 
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to invariant tori. In this case, the matrix B in the expressions (7) and (8) vanishes, and 
the Hamiltonian vector helds (8) read 

= da, d, = (54) 

Moreover, the coordinates B are exactly the flow parameters Substituting the expres¬ 
sions (54) into the first condition (52), we obtain 

H A dJi3 -1- dJa A ds" -f A dif’^ + A dz^ + ^\dJ\ A dz"^. 

It follows that Sj are independent of Ja, and so are Cf = 

(ii) = —da'B} = 5^. Hence, and S* are independent of s“. 

In view of items (i) - (ii), the Liouville form S (53) reads 

S = (-s“ + E“( Ja, z^))dJa + ^*( Ja, z^)dJ, + S,( J,)d(^* + S^( Ja, z^)dz^. 

Since the matrix (9^Sj is nondegenerate, we can perform the coordinate transformation 
la = Ja, h = Sj(Jj) together with the coordinate shifts 

(9 T 

a;- = z^), 0* = <^* - E^{Jx, z^)j^. 

oh 

These transformations bring H into the form (26). 

(HI). Since functions I\ are in involution and their Hamiltonian vector fields d\ mutually 
commute, a point z & M has an open neigbourhood Q x Oz, Oz G x T™, endowed 

with the Darboux coordinates {I\,ps,q^,y^) such that the symplectic form hi (26) is given 
by the expression (27). Here, z^,y°') are local functions whose Hamiltonian vector 

fields are d^. They take the form 


y=!/"+y(/A.x). 


With the group G, one can extend these functions to the open neighbourhood 


U 


Q X K*’-™ X r™ 


(55) 


of M by the law 


t(h, z-', G(yr) = G(„)" + f\h, X). 

Substituting the functions (55) on U into the expression (26), one brings the symplectic 
form H into the canonical form (27) on U. 
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